Harmonic and Dirac oscillators in a (2+l)-diniensional noncommutative space 
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We study the Harmonic and Dirac Oscillator problem extended to a three-dimensional noncom- 
mutative space where the noncommutativity is induced by a shift of the dynamical variables with 
generators of SL(2, R) in a unitary irreducible representation. The Hilbert space gets the structure 
of a direct product with the representation space as a factor, where there exist operators which 
realize the algebra of Lorentz transformations. 

The spectrum of these models are considered in perturbation theory, both for small and large 
noncommutativity parameters, finding no constraints between coordinates and momenta noncom- 
mutativity parameters. 

Since the representation space of the unitary irreducible representations SL{2, R) can be realized 
in terms of spaces of square-integrable functions, we conclude that these models are equivalent to 
quantum mechanical models of particles living in a space with an additional compact dimension. 
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I. INTRODUCTION 

In reference [l|, a (2-|-l)-diniensional model with a kind of nonstandard noncommutativity has been considered, 
where both coordinates and momenta get deformed commutators. In order to preserve the Lorentz invariance, 
these deformations of the Hciscnberg algebra were taken as proportional to generators of the Lorentz group in some 
irreducible representation (irrep) of the (noncompact) Lie group SL{2,S.). 

This deformed algebra can be effectively realized by shifting the ordinary (commutative) dynamical variables by 
generators of the irreducible representation of SL{2, M.) considered. This means that the Hilbert space has the structure 
of a direct product, where one factor corresponds to the component of the state vectors in the representation space 
of the irrep considered. 

As we demand that the noncommuting phase space variables to be Hermitian operators, we are constrained to 
consider unitary irrep's of this group, which are not of finite dimension. Moreover, since the representation space of 
the unitary irrep's of SL{2,M.) can be explicitly realized in terms of spaces of functions defined on the unit circle or 
analytic functions on the unit open disk (the irreducible representations of SL(2,M.) have been extensively discussed 
in Q]; see also [l|), the models to be considered turn out to be equivalent to quantum mechanical systems living in a 
space with an additional (compact) dimension. 

In [l| the Landau problem for bosonic and fermionic particles living on this noncommutative space have been 
considered. The goal of the present article is to extend this analysis to the case of the harmonic and Dirac oscillators 
appropriately formulated on this space. 



II. SETTING OF THE PROBLEM 



According to the ideas exposed in [l| , we consider the modified Heisenberg algebra of the (Hermitian) dynamical 
variables given by 



[X^jXi^l 1u €.^i/pS , 



[Pii.pA 



^^ ^fj^vp^ 1 



^fi-iPv} — ^y^fiiy ^"^fii/pS ) , [*^/j,i -^ly} — '^"^pup^ 1 



(1) 



[P^i.Sy] 



^^^LiVpS 1 



\Sn.,S^\ 



^^Up^ 5 



^^LIUO^ 



where s^ , /i = 0, 1, 2 are the generators of an irrep of SL{2, R) and 9 and k play the role of ultraviolet and infrared 
scales respectively. 
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This deformation can be realized in terms of dynamical variables satisfying the usual Heisenberg algebra, x^^p^j, 
with /i = 0, 1, 2, through the non-Abelian Bopp's shift given by 

Xf_t-)- Xf^+ 0s f^ , P^^ P^ + KSf_t . (2) 

We follow the notation of [l[, where it has been shown that the operators M^ := L^j^ + s^^, with L^ := 
_ ^fii^x {^x^p^ — Xfj^Pu), are a realization on the Hilbert space of the system of the generators of the Lorentz trans- 
formations in the 2-|-l-dimensional noncommutative space we are considering. Indeed (See ref. [l|), it can be seen 
that 

[M^, A'Q = ~ie^,^xM^ [M^, s^] = -le^^xs^ , 

(3) 
[M^.Xu] = -te^^xx^ , [Af^,p,y] = -le^iyAP^ ■ 

In the following, our strategy to formulate a model in this noncommutative space will be, given a Hamiltonian 
-ff(p,x) in the usual (commutative) Minkowski space, to generalize it by taking iJ(p,x) and then analyze it through 
the replacements in Eq. ([2]) . In this way, we construct models of Schrodinger and Dirac oscillators in this NC extension 
of the 2-|-l-dimensional Minkowski phase space and consider the implications this generalization may have. 

In particular, as already mentioned, we get a space of state vectors which is the direct product of the Hilbert 
space for the systems in the usual commutative space with the representation space of a unitary irrep of 5^(2, M). 
Since these representation spaces can be realized as spaces of square-integrable functions (functions on the unit circle 
or analytic functions on the open unit disk, according to the particular irrep considered), these models can also be 
interpreted as describing particles living in spaces with an additional (compact) spatial dimension. 

III. HARMONIC OSCILLATOR 

A. The usual case 

Let us first consider the Schrodinger Hamiltonian for the harmonic oscillator: 

2MH := pi + M'^u^xi , (4) 

which commutes with the generator of rotations on the plane. Lo- 
in terms of creation and annihilation operators (see [l| for the notation) the Hamiltonian H and the angular 
momentum Lq can be written as 

i7:=a;(a^a + 6^&+l), Lq -.^b^h - a^a . (5) 

Their simultaneous eigenvectors are 



a' 



{b 



|n„nfc):=^^4=P^^|0,0) , n,Ar==0,l,2,.. 



where a |0, 0) =0 = 6 |0, 0), corresponding to the eigenvalues 

H\na,nb) =uj{na + nb + l)\na,rn,) , LQ\na,nb) ^ {rib ~ ria) \na,nb) . (6) 

We call I := {rib — no). 

B. Extension to the nonconiniutative space 

The generalization of this system to the noncommutative space defined by Eq. ([T]) is 

2MH := pj + M^i^^xf = {p, + nsi,f + M^uj^ {x, + 9s,f , (7) 

which commutes with il/g = Lo + soj £is can be easily seen.. 



In terms of creation and annihilation operators and the Hermitian generators s^, this Hamihonian reads as 



2MH = 2MH + VMuJ {zah+ + las- + zb^'s- + Jbs+) + zl (sq^ - s^) , (8) 

where z :— 9Muj + ik,'z := OMlo — ik and we have defined 

s±:^Si±iS2, s^ := so^ - si^ - S2^ . (9) 

In [l| one ean find a brief review of the unitary irreducible representations (irrep) of sl{2,M.). The representation 
space is generated by the basis of simultaneous eigenvectors of sq and s^, 

s^ |A, m) = A |A, to) , So |A, m) ~ m |A, m) , (10) 

where A and to are real numbers. We also have 



s± 



|A, m) = Vto(to ± 1) - a |A, m ± 1) . (11) 

The discrete classes of unitary irrep's [l|, l2| correspond to A > —1/4, for which this parameter takes discrete values, 
A = fc(fc — 1) with fc = Yi -^ € N, and either m = fcJc + 1, fc + 2, • • • or 7ti = — fc, — fc — 1, — fc — 2, • • • On the other 
hand, for the continuous classes of unitary irrep's [l|, y|, A takes any real value less than —1/4 and m takes either all 
the integer or all the half-integer values. 

The Hilbert space is then the linear span of the vectors of the form 

\na,nb; A, to) := \na, nt) (g) |A, to) , (12) 

which are simultaneously eigenvectors of iJ, Lq, s^ and sq, normalized so as to satisfy 

(riQ,n(,; A,TO|ri'^,n^; A,to') == 6n^_n'^Sn^y^Sm,m' ■ (13) 



We also have that 



H,Mo 



0, where AIq = Lo + sq has eigenvalues j = 1 + m = nb — na + m, integer or half-integer 
according to the irrep of SL{2, R) considered. Then, for given values of A and j, we can give the following development 
for the iJ's eigenvectors, 

IV'-E.i) = X! Cn^,nt.m\na,nb;X,m) . (14) 

TLb—na+rn^j 

From Eq. (|8]), one straightforwardly gets the linear recursion relation for the coefficients 

{ua, rib] A, m\ 2M{H - E) iVsj.nJ = {2A/cj(7i„ + ^5 + 1) - 2M{E - urn) + zz {m'^ - A) } C„„ ,„,,„+ 

+Zy/MujyJna + l\/m{m + 1) - A Cn^ + i^nt,m+l + Z\/MuJy/n^\/{m - l)m - A Cn^-i^nt,m-l+ (15) 



+zVMujy/nb + ly/m{m - 1) - A C„„,„,+i,m+i + zVMujy/nb\/{m + 1)to - XCna,nt-i,m-i = 0, 

where m = j + ria — nb- 

Notice that, for 2: = 0, this recurrence gives immediately the usual harmonic oscillator levels, 

Cn,m[(^{ria + nb + l)-E]=0 =^ E = uj{na+nb + l) . (16) 

It is not evident how to get an exact solution of this recurrence for z 7^ 0. A difference with the Landau problem 
studied in [l[ is that [iJ, b^b^ ^ 0. A direct consequence of this, is that the eigenvalues problem does not reduce to a 
matricial one for unitary irrep^s in the discrete classes. 

C. The spectrum in perturbation theory 

1. Small \z\ 

In order to explain the structure of this spectrum we will use perturbation theory for small values of the noncom- 
mutativity parameters. For convenience, we take as unperturbed Hamiltonian Hq and perturbation V the operators 



given by 

2MHq = 2Mijj [a^a + b'^b + l] + 2A/kso + zz (sq^ - s^) , 
2MV = VMw (za'l's+ + zas^ + zbU^ + z6s+) . 
Since i/g commutes with Lq a-nd so, the unperturbed eigenvectors and eigenvalues are given by 

*n„,n6.m == |"-a,n-6) ® |A,m) , iIo*«„,n6,m = ^i°j,„,.m*n„ ,«6,m , 



(17) 



-Ei°j,„,,„ = W {Ua + Jib + 1) + '^™ + ^TT? ("^^ ~ ^) 



(18) 



2M 
The first order corrections to the eigenvalues in perturbation theory arc simply given by 

and are all vanishing. 

The second order corrections are given by 

e;(2) ^ Y^ l_V :_J / (20) 

^n^,nb,m ^ (q) (q) ' ^^"7 



n',n',,m' na,nt,,m n',n',,7n' 



where the term with n^ = ria, n[, = Ub and m' = tti is excluded from the series. From (|17p we get 



^AfcjzVria + l\/m{m + 1) - A(5„^,„„+i(5„' „,Jm',m+i + VMujzy^\/m{m - 1) - A(S„^,„^_i(5„' „j(5m',m_i + 



+ \/Mu!Z\/nb + ly/m{m - 1) - A (5„' .nju'^.n^ + l^m' ,m-l + \/MujZy/my/mim + 1) - A J„/ .„„5„'^,„,_l(5r„'.m+l , 

(21) 
from which it follows that 

Then, up to second order in |z|, we get for the eigenvalues 

-B„„,„,,,„ = a; (n^ + n& + 1) + KTO - ^"i? + O {\z\^) , (23) 

for any unitary irrep of 5'L(2,R). Notice that the linear in k correction produces, for each given to, a rigid shift of 
the (zero order) harmonic oscillator levels. Moreover, the term quadratic in |zp shows a coupling with the angular 
momentum, thus breaking the usual degeneracy in / of the isotropic harmonic oscillator spectrum. Notice also that 
the dominant term in the 6 parameter is quadratic. 

2. Large \z\ 

We will also consider the large NC parameters limit in perturbation theory. In this limit we consider the operator 
in Eq. [5] divided by |zp and take as unperturbed Hamiltonian the operator 






(so^-s^) + — -so + -p-f^ [a^a + 6^6 + 1] , (24) 

and as perturbation 



p-pT '■— \ -TT TT^ \za^ s+ + zas- + zw s- + zbs+) . (25) 

\zr VAizr^ ' 



The eigenvectors and eigenvalues of Hq are given by 

Xn^.n^.m -^ |?^a,"-^,> ® |A, m) , 

f(") 1 ^ ^ (26) 

while the first order correction to the eigenvalues in perturbation theory vanish, 

\Xna,nh,rm yXna,,ni,,m) ^ U . V^'j 

Therefore, in the large \z\ limit, the noncommutativity parameters appear as a typical energy scale for the separation 
of successive series of isotropic harmonic oscillator levels. For \z\/M 3> 1, only the states with the minimum value of 
rrv^ will manifest al low energies. 

IV. DIRAC OSCILLATOR 

The free Dirac equation in 2+1-dimensions is 

(z7^9^ - M) * = , (28) 

where we take 

7° = c^s , 7^ = -i<^2 , 7^ = «cri , (29) 

which satisfy [j'',j''] == 2g^^'' with {g^^") = diag (1, -1, -1). From ((281) we get the Hamiltoniano H = a^p^ + AIf3, 
where ai = — fxi, 012 = — cr2, /3 = (T3 and M > the mass of the particle. 

In [3| Moshinsky and Szczepaniak proposed to add a linear in the coordinates term, interpreting the resulting 
system as a Dirac oscillator since, in the nonrelativistic limit, it reduces to a harmonic oscillator with a spin-orbit 
interaction. In this way, the Hamiltonian operator becomes 

H = a^ (p^ - iuj(3xi) + MP , (30) 

for some constant a; > 0. 

In terms of creation and annihilation operators (see [l| for the notation, identifying w O eB /2) the Hamiltonian H 
and the angular momentum Lq read now as 



^ ^?'V L, = h^b-ah 



^-(./4Ja -M )' ^o = &^6-aTa. (31) 



A simple calculation shows H commutes with Jq :— Lq + ^. The eigenvectors of H with angular momentum 
jo ^ m - na + \ are [1] (see also [j] ) 



^/Awna\na,nly) 

V-i.no.n, = I I , (32) 

[-M ± VM^ + Aujna\ Wa - 1, nt) 



for ria > 1, corresponding to the eigenvalues E±^„^_nb = ±vAP + 4w^, degenerate in the index n?,. There is another 
solution for ria = 0, given by 

^o,„. = ( '^'""^ ) , (33) 



with jo = rifc + 1/2 and -Bo,n[, = M , also degenerate in n^. 



A. Extension to the noncommutative space 

It is easy to see that a similar analysis as that for the Dirac case in [l[ can be done for the present problem. Indeed, 
if we adopt as Hamiltonian the Hermitian operator 

H ^ai {pi - iujl3xi) + KSo + Mj3 (34) 

and use the identity aiP — —leijUj, we get 

H ^ H (E}1 + K {ai (E) Si + I2 ® sq) — Olo tijCtj ® Si , (35) 

where H is given in Eqs. (PH]) and (pij) . This coincides exactly with the Hamiltonian in Eq. (60) of [l|. 

Therefore, the identification uj = eB/2 shows that the results obtained in [1| for the Landau problem for Dirac 
particles in this noncommutative space apply also to the extension of the Dirac oscillator presented here. We will not 
reproduce these results here and refer the reader to Section IV of [l|]. 

V. CONCLUSIONS 

In this article we have considered models of Schrodinger and Dirac oscillators in a space-time with a kind of 
noncommutativity, both in coordinates and momenta, induced by deforming the canonical commutators by terms 
proportional to the generators in a unitary irreducible representation of the Lorentz group in the 2-|-l-dimensional 
Minkowski space, isomorphic to S'L(2,]R)/Z2. Since this is a noncompact Lie group, its unitary irrep^s are not of 
finite dimension. This noncommutative phase space has been considered in [l|. 

This deformed Heisenberg algebra can be realized by means of a shift in the canonical coordinates and momenta 
with terms proportional to the generators of S'L(2,M)/Z2 in a unitary irrep. In particular, the shift in momenta can 
also be interpreted as the introduction of a non-Abelian magnetic field. 

Consequently, the number of dynamical variables is enlarged and the Hilbert space gets the structure of a direct 
product, one factor for the state vectors of the ordinary system in the normal space and the other for the component 
of the state vectors in the representation space of this irrep of SL{2, M). 

It was shown in [l| that total generators of the Lorentz transformations can be constructed which correctly transform 
all the operators, thus realizing the Lie algebra sZ(2,IR) on the Hilbert space of these quantum-mechanical system. 

In this framework, we have considered modified Hamiltonians obtained through this non-Abelian Bopp's shift of the 
dynamical variables from the Hamiltonians of the Harmonic and Dirac Oscillators. We have analyzed these models for 
both discrete and continuous classes of irrep^s of SL{2, M), getting linear infinite recursion relations for the coefficients 
in the development of the Hamiltonian eigenvectors in terms of conveniently chosen bases of the Hilbert space. The 
spectrum of these models have been studied also in perturbation theory, both for small and large noncommutativity 
parameters z = OMuj + m. 

For small z, we have shown that the spectrum of the extension of the harmonic oscillator is the one of the isotropic 
two-dimensional oscillator rigidly shifted by nm, a term proportional to the eigenvalue of sq. Moreover, second order 
corrections in \z\ break the degeneracy in the angular momentum. In particular, the dominant correction in the 9 
parameter is quadratic. In the large \z\ limit, the noncommutativity parameters appear as a typical energy scale for 
the separation of successive series of isotropic harmonic oscillator levels. 

On the other hand, we have shown that the extension of the Dirac oscillator to this noncommutative space is 
completely equivalent to the extension of the Landau problem for Dirac particles studied in [ij . 

Let us mention that, contrary to the case of conventional NC Quantum Mechanics, we find no constraint between 
the parameters referring to no-commutativity in coordinates and momenta. Rather, both k and 9 play a similar role.. 

As discussed in [l|, these models do not correspond to just a smooth deformation of the commutative ones. Rather, 
the Hilbert space takes the structure a of the direct product of the usual one times the representation space of an irrep 
of SL{2,M}j. Since these irrep^s can be explicitly realized in terms of spaces of square-integrable functions (functions 
defined on the unit circle for the continuous classes of irrep^s and analytic functions on the unit open disk for the 
discrete classes of irrep^s - see [il,0|) the examples studied in this article can also be considered as equivalent to models 
of quantum mechanical particles living in a space with an additional compact dimension, with \z\ playing the role of 
the inverse of a typical length. 
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